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fundamental solving approaches

let’s review some basic ideas:

I Boolean
domain is finite, enumerate solutions

I bit-vectors, floating-point
domain is finite, let the SAT solver figure it out

I uninterpreted functions
congruence closure, number of arrangements is finite

I arrays
reduce to uninterpreted functions on demand

I strings
domain is finite but enumerable, use clever rewrites

I integers
assume bounds and reduce to bit-vectors, or rely on real solver

what about real arithmetic?
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solving for real arithmetic

fundamental problem: domain R is uncountably infinite
LRA stays in Q that is countable, but enumeration is not feasible

what is the CS way to deal with large search spaces?

abstraction!

general theme:
I look at the constraints, not at the solutions
I witness satisfiability in terms of the constraints
I the solution will show up as a by-product
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Fourier-Motzkin

variable elimination for linear real arithmetic∧
i

ai ≤ x ∧
∧

j
x ≤ bj ⇒

∧
i,j

ai ≤ bj

1 ≤ x ∧ x ≤ 7 − 2y ∧ x ≤ 2y − 1
⇒x 1 ≤ 7 − 2y ∧ 1 ≤ 2y − 1
⇒ y ≤ 3 ∧ 1 ≤ y
⇒y 1 ≤ 3

construct model from the bottom, for example y 7→ 2, x 7→ 2

I procedure only looks at constraints
I satisfiability is witnessed by true
I model construction is trivial

Gereon Kremer | Stanford University | May 2, 2022 4/17



Fourier-Motzkin

variable elimination for linear real arithmetic∧
i

ai ≤ x ∧
∧

j
x ≤ bj ⇒

∧
i,j

ai ≤ bj

1 ≤ x ∧ x ≤ 7 − 2y ∧ x ≤ 2y − 1
⇒x 1 ≤ 7 − 2y ∧ 1 ≤ 2y − 1
⇒ y ≤ 3 ∧ 1 ≤ y
⇒y 1 ≤ 3

construct model from the bottom, for example y 7→ 2, x 7→ 2

I procedure only looks at constraints
I satisfiability is witnessed by true
I model construction is trivial

Gereon Kremer | Stanford University | May 2, 2022 4/17



Simplex

optimization procedure for linear real arithmetic
I linear constraint = halfspace
I solution space is a polytope

an intersection of halfspaces
I any corner of this polytope is a solution
I a corner is (uniquely) defined by the

intersection of n halfspaces
I swap out one halfspace to reach

neighbouring corner

I only look at finite number of candidates (the corners)
I actual values are given by selection of constraints
I clever way to navigate these selections

for SMT: transform ϕ ϕ′ such that 0 � ϕ′ and objective o(α) = 0 ensures α � ϕ
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virtual substitution

variable elimination by solution formulae

x = −p
2 ±

√
p
2

2 − q

a · x2 + b · x + c > 0 a, b, c ∈ Q[y]

x

p(x)
I αi parametric roots for x
I abstract to (∞, α1), α1, (α1, α2), . . .

I multiple constraints: αk are parametric
I core idea: symbolic −∞ and αk + ε

I one test candidate per interval:
−∞, α1, α1 + ε, . . .

I abstract from real intervals to representatives
I representatives are symbolic (in remaining variables)
I clever way to substitute symbolic values

what about existence of solution formulae?
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towards a general procedure
ϕ := x2 + x − 1 − 2 · y < 0 ∧ x2 + y − 2 < 0

ϕ := y >
x2 + x − 1

2 ∧ y < 2 − x2

x

y
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abstraction by sign-invariance
ϕ := x2 + x − 1 − 2 · y < 0 ∧ x2 + y − 2 < 0

x

y
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x

y

I (0, 0) � ϕ

I region around (0, 0) � ϕ, bounded by roots(polys(ϕ))
I sign-invariance ⇒ truth-invariance
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abstraction by sign-invariance
ϕ := x2 + x − 1 − 2 · y < 0 ∧ x2 + y − 2 < 0

x

y

I regions correspond to sign combinations
I abstract from region to sample points
I abstract from Rn to finite set of sample points
I ϕ satisfiable ⇔ there is a satisfying sample point
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finding sample points

x

y

x

Gereon Kremer | Stanford University | May 2, 2022 9/17



finding sample points

x

y

x

I one dimension at a time

Gereon Kremer | Stanford University | May 2, 2022 9/17



finding sample points

x

y

x

I one dimension at a time

Gereon Kremer | Stanford University | May 2, 2022 9/17



finding sample points

x

y

x

I one dimension at a time

Gereon Kremer | Stanford University | May 2, 2022 9/17



finding sample points

x

y

x

I one dimension at a time

Gereon Kremer | Stanford University | May 2, 2022 9/17



finding sample points

x

y

x

I one dimension at a time

Gereon Kremer | Stanford University | May 2, 2022 9/17



finding sample points

? x

y

x

I one dimension at a time
I what about special points?

Gereon Kremer | Stanford University | May 2, 2022 9/17



finding sample points

? x

y

x

I one dimension at a time
I what about special points?
I project to lower dimension

Gereon Kremer | Stanford University | May 2, 2022 9/17



finding sample points

x

y

x

I one dimension at a time
I what about special points?
I project to lower dimension
I construct samples from these projections
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cylinders

x

y

x

I arrangement of roots changes
I within a “cylinder”: cylindrical arrangement of cells
I roots are delineable within a cylinder
I need to identify cylinder boundaries
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projecting cylinder boundaries – part 1
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I resy(x2 + x − 1 − 2 · y, x2 + y − 2) = 3 · x2 + x − 5
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projecting cylinder boundaries – part 1

x

y

x

I resy(x2 + x − 1 − 2 · y, x2 + y − 2) = 3 · x2 + x − 5
I resultants indicate common roots of two polynomials
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projecting cylinder boundaries – part 2
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projecting cylinder boundaries – part 2
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y

x

I discy(x3 + 0.5x2y2 − 4x2 + 3y3) = x5 − 4x4 + 6x3 − 24x2
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I discy(x3 + 0.5x2y2 − 4x2 + 3y3) = x5 − 4x4 + 6x3 − 24x2

I ∀x, y.p(x, y) = p′(x, y) = 0 ⇒ discy(p, q)(x) = 0
I discy(p) := resy(p, p′)
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projecting cylinder boundaries – part 2

x

y

x

I discy(x3 + 0.5x2y2 − 4x2 + 3y3) = x5 − 4x4 + 6x3 − 24x2

I discy(p) := resy(p, p′)

I discriminants indicate multiple roots of a single polynomial
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projecting cylinder boundaries – part 3
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projecting cylinder boundaries – part 3
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projecting cylinder boundaries – part 3

x

y

x

I coeffs(x2y − 4y − 1) = {x2 − 4}
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projecting cylinder boundaries – part 3

x

y

x

I coeffs(x2y − 4y − 1) = {x2 − 4}
I coefficients indicate singularities of a polynomial
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projecting cylinder boundaries

x

y

x

I (1) resultants (2) discriminants (3) coefficients
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projecting cylinder boundaries

2

1
3 2

x

y

x

I (1) resultants (2) discriminants (3) coefficients
I roots can collapse, change order, go to ±∞, emerge
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algorithmic idea

x

y

x

I project all cylinder boundaries resultants, discriminants, coefficients
I construct one-dimensional samples real root isolation
I lift to two-dimensional samples real root isolation with partial model
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higher dimensions

ϕ := . . .

P2 ⊂ Z[x1, x2]

P1 ⊂ Z[x1] S1 ⊂ R

S2 ⊂ S1 × R

S = {s ∈ Sn | s � ϕ}
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polynomials

projection
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bits and pieces

I polynomials may not have all variables p ∈ Z[x1, xn ]

I polynomials may nullify p ∈ Z[x, y], p(αx) = 0
→ different projection operators, Lazard’s lifting schema

I resultants may nullify res(p · q, q · r) = 0
→ factorize polynomials

I underlying machinery
polynomials, real algebraic numbers, resultants, factorization, . . .
→ libpoly, CArL, CoCoALib, CAS

I SMT compliancy (incrementality, backtracking, unsat cores)

thanks for your time!
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